
Abstract. A total of 36 stationary points have been
located on the H2CO potential energy surface by means
of gradient extremal following. These 36 points are
believed to represent all the important stationary points
on this surface. There is no indication that the structure
of the surface becomes less complicated as the size of the
basis set is enlarged at the Hartree-Fock level of theory,
but many of the second- and third-order saddle points
disappear when electron correlation is introduced. Of
the ten ®rst-order saddle points (transition structures)
located, the majority have reaction paths entering the
associated minima in a side-on approach, i.e. these
cannot be located by uphill walking from the minimum.
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1 Introduction

Transition structures (TS), which are ®rst-order saddle
points on a potential energy surface (PES), are impor-
tant for understanding chemical reactions. Despite the
existence of many di�erent algorithms for locating such
points, there are no general methods available which are
guaranteed to ®nd all TSs, or prove that a given TS does
not exist. Most commonly used methods rely either
on variations of the Newton-Raphson algorithm [1] or
employ an interpolation scheme between the reactant
and product [2].

With the recent development of a method for tracing
gradient extremal (GE) curves it has become possible to
locate essentially all stationary points on a given PES [3].
Although the method is computationally expensive, and
therefore not suited for routine use, it allows complete
mapping of low-dimensional surfaces, which can be used
for testing the performance of less rigorous algorithms.
In the present case we have investigated the H2CO sys-
tem, and located a total of 36 stationary points. At the
Hartree-Fock (HF) level with the STO-3G, 3-21G and 6-
31G(d,p) basis sets we have traced GEs to map out all

the important stationary points, which have been further
re®ned at the complete active space self-consistent ®eld
(CASSCF) [4], second-order Mùller-Plesset perturbation
theory MP2 [5] and quadratic con®guration interaction
with singles and doubles (QCISD) [6] levels of theory. In
addition to providing well-characterized reference sys-
tems, these results also allow us to examine two other
questions:

1) How does the shape of a PES change as a function of
the theoretical level (basis set and amount of electron
correlation)?

2) What types of TSs exist on a ``typical'' PES calculated
by electronic structure methods?

Answers to these questions may provide insight into the
performance of existing algorithms for locating TSs, and
possibly lead to the development of new algorithms.

2 Methods

An algorithm for tracing GEs has been described in detail previ-
ously [3]. For the present purpose it is su�cient to note that a GE is
a one-dimensional curve consisting of points where the derivative
of the gradient norm on an energy contour is zero. This is equiv-
alent to the gradient being an eigenvector of the Hessian:
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This condition allows formulation of a predictor-corrector al-
gorithm for tracing GEs [7]. A predictor step is taken along the
tangent to the GE, followed by one or more corrector steps until
the size of the correction drops below a selected threshold.
The accuracy of the tracing is thus controlled by the cuto� for
the correction step, while the sampling of the GE is controlled
by the size of the predictor step. Each step (either predictor or
corrector) requires two full Hessian calculations, making GE
tracing computationally expensive.

At stationary points there are GEs leaving along all the normal
modes. As a GE cannot vanish unless the gradient becomes zero, it
will ultimately lead to one of three cases: a stationary point (which
may or may not be di�erent from the starting point), bond disso-
ciation (the gradient goes asymptotically to zero), or the energy
becomes very high due to atoms clashing. Scenarios two and three
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are the normal behaviour when following GEs leaving along the
highest modes, since these correspond to bond-stretching vibrations.

Starting from a given stationary point, all GEs leaving along the
3N-6 normal modes can be traced. This will lead to the discovery of
new stationary points, which then can be subjected to GE tracing,
etc. By using this procedure iteratively a large number of stationary
points on a given surface can be located. Although it is possible to
envision energy surfaces which have two (or more) sets of sta-
tionary points which are not connected by any GEs, our (limited)
experience suggests that this is not the common behaviour. In
practice, however, numerical problems may prevent a complete
mapping. When the surface is very ¯at, for example, the Hessian
has small eigenvalues which render the correction step numerically
unstable. Or geometries may be encountered along the GE where it
is di�cult to achieve convergence of the wave function. An in-
complete mapping may arti®cially lead to disconnected sets of
stationary points, however, the present system is su�ciently small
that we considered it unlikely that any important stationary points
(i.e. not associated with loosely bound complexes) have been mis-
sed.

In the present case we traced all GEs radiating along normal
modes with non-mass-weighted eigenvalues less than 0:2 a.u. for all
stationary points [8]. This typically corresponds to the lowest three
or four normal modes of the six available in H2CO. At least 100
predictor steps of 0.10 a.u. were taken, and the correction step
reduced below 10ÿ3 a.u. In cases where GE bifurcations also
crossing of two GEs) were encountered, the perpendicular GE was
also followed. Each of the three surfaces, HF/STO-3G, HF/3-21G
and HF/6-31G(d,p), was subjected to an exhaustive search, corre-
sponding to approximately 45.000 Hessian calculations for each.

With a restricted Hartree-Fock (RHF) type wave function and
the STO-3G, 3-21G and 6-31G(d,p) basis sets [5] we located all the
important stationary points by tracing GEs as described above. The
HF/6-31G(d,p) stationary points were re®ned with the larger cc-
pVDZ and cc-pVTZ basis sets [9]. The HF/6-31G(d,p) stationary
points were similarly subjected to re-optimizations at the [10, 12]
CASSGF (full valence orbital space) and MP2/6-31G(d,p) levels
[11]. For cases which did not readily converge at the MP2 level,
electron correlation was gradually introduced by adding one orbital
at a time. This presumably gives a good indication of whether the
HF/6-31G(d,p) stationary points survive at the MP2 level, but there
may be other stationary points at the MP2 level which we have
missed. Performing a complete GE search at a correlated level is
currently impractical.

The MP2/6-31G(d,p) stationary points were further re®ned by
extending the basis sets to cc-pVDZ and cc-pVTZ. The sensitivity
towards inclusion of more electron correlation was tested by re-
optimizations at the QCISD/6-31G(d,p) level. For cases which did
not readily optimize, we also performed optimizations at the MP3
and MP4(SDQ) levels prior to QCISD.

The nature of the TSs was established by tracing the intrinsic
reaction coordinate (IRC) [12]. We note that many of the station-
ary points are energetically above the dissociation limit (say
C + H2O), however, for probing structural features of the PES,
this is unimportant.

3 Results and discussion

There are four well-known minima on the H2CO PES,
corresponding to formaldehyde (MIN1), the H2 � CO
dissociation product (MIN2) and trans- and cis-hy-
droxycarbene (MIN3 and MIN4). We have located a
®fth isomer, corresponding to an ylide-type structure,
COH2 (MIN5). Considering only structures which do
not correspond to weakly bound complexes, we have
located a total of 10 ®rst-, 14 second- and 7 third-order
saddle points [13]. Molecular plots are shown in Fig. 1,
and Table 1 indicates at which levels of theory they exist
and their relative energies. It can be noted that no saddle

points of higher order than three were found1. This is
consistent with the observation that minima 1, 3, 4 and 5
have three bonds, and thus 3 � 4 ÿ 6 ÿ 3 � 3 remain-
ing degrees of freedom. As energy maxima are not
expected along coordinates corresponding to simple
bond-length distortion, this suggests that saddle points
should at most be at a maximum in three directions, as
observed.

At the HF level of theory, all the minima and ®rst-
order saddle points in Table 1 are present with the STO-
3G, 3-21G and 6-31G(d,p) basis sets. The only di�erence
is that MIN5 has Cs symmetry with the STO-3G and 6-
31G(d,p) basis sets (pyramidal oxygen), but C2v with the
3-21G (planar oxygen). The existence of second- and
third-order saddle points, however, depends on the size
of the basis. The nature of the stationary point may also
change, e.g. TOSP1 is a third-order saddle point with the
STO-3G basis set, but a second-order saddle point with
3-21G and 6-31G(d,p). Similarly, TS13 and TS25 have
Cs symmetry with 3-21G and 6-31G(d,p) basis sets, but
these are second-order saddle points with the STO-3G
basis, and there are consequently two symmetry equiv-
alent C1 structures which are ®rst-order saddle points
with this basis set. The Cs symmetric second-order sad-
dle points are indicated in parentheses in Table 1. The
use of basis sets larger than 6-31G(d,p) (cc-pVDZ and
cc-pVTZ) gave only minor structural and energetic
changes, except that TS240, SOSP12 and TOSP6 disap-
pear as stationary points. The latter two points are very
close in structure and energy, and are peculiar to the
HF/6-31G(d,p) surface. In this structural region of space
two di�erent RHF solutions exist within a few kcal/mol
of each other, both of which are minima in the orbital
space. Although SOSP12 and TOSP6 are stationary
points on the same energy surface (as evident from the
atomic charges), the second close-lying solution appar-
ently distorts the shape of the underlying surface.

When electron correlation is introduced (CASSCF,
MP2 or QCISD), some of the TSs, and approximately
half of the second- and third-order saddle points disap-
pear. Since we have not traced GEs at the correlated
level, there may be additional stationary points. If the
geometries at the correlated levels are su�ciently dif-
ferent from those at HF/6-31G(d,p), the optimization
may fail to converge. Extending the basis set to cc-pVDZ
and cc-pVTZ at the MP2 level did not change the con-
clusions obtained with the 6-31G(d,p), but the stationary
points corresponding to TS240 and TS25 apparently do
not exist at the QCISD level, i.e. these are sensitive to
inclusion of additional electron correlation. It can also

c
Fig. 1. Stationary points on the H2CO potential energy surface
(PES). MIN minimum, TS transition structure (®rst-order saddle
point), SOSP second-order saddle point, TOSP third-order saddle
point. Distances in AÊ for HF/6-31G(d,p) optimized structures,
except SOSP13, SOSP14 and TOSP7 which are HF/STO-3G values

1Test calculations with the STO-3G basis set indicate that this is
not the result of only following GEs radiating along the lowest
three or four modes
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be noted that TOSP1 returns to being a third-order
saddle point at correlated levels, although it is a second-
order saddle point at the HF/3-21G and HF/6-31G(d,p)
levels. Finally, SOSP7 becomes a TS connecting MIN2
with a complex corresponding to H2O � C at the
QCISD level.

Although it is commonly believed that a PES is more
``knobby'' with a minimum basis set (as the STO-3G)
than a larger DZP type [as the 6-31G(d,p)], this is ap-
parently not the case for the present system. The data
may indicate, however, that the PES is smoother at
correlated levels, since there is a substantially smaller
number of second- and third-order saddle points.

The HF/6-31G(d,p) relative energies and connectivity
between minima and TSs are shown in Fig. 2. There are
two important conclusions which can be drawn from the
present data, and which are likely to remain true also for
more complicated systems:

1) There is not necessarily a TS connecting all pairs of
minima. For example, there is no direct path between
formaldehyde (MIN1) and cis-hydroxycarbene
(MIN4).

2) There may be more than one TS connecting two
pairs of minima. For example, there is both a

rotation2 (TS34) and inversion (TS34i) pathway
between the trans- and cis-hydroxycarbene, and two
distinct ways of dissociating cis-hydroxycarbene to
H2 � CO (TS24 and TS24¢). The two di�erent modes
of interconversion of the trans- and cis-hydroxycar-
bene are analogous to the situation in the isoelec-
tronic diazene �N2H2� molecule [14].
Operationally the TSs can be placed into two groups:

those which can be located by ``walking'' up a Hessian
mode starting directly from a minimum [15], and those
which require a starting geometry in the (close) vicinity
of the TS for Newton-Raphson methods to work. Con-
ceptually these may be associated with an ``end of a
valley'' type TS (type a, Fig. 3) and a ``side-on'' TS (type
b, Fig. 3). The ``end of a valley'' type TSs are marked
with bold lines in Fig. 2. It is clear that the majority of the
TSs are of the ``side-on'' type b, which are much harder
to locate by Newton-Raphson optimization routines.

Cases corresponding to type a are expected to have
IRCs which are relatively straight, while IRCs belonging
to type b are expected to be strongly curved in some

Table 1. Stationary points as a
function of level of theory.
Energies in kcal/mol. RHF re-
stricted Hartree-Fock,
CASSCF complete active space
self-consistent ®eld, MP2
second-order M�ller-Plesset
perturbod theory, QCISD
quadratic con®guration inter-
action with singles and doubles

a Cs Symmetric second-order
saddle points

RHF
STO-3G

RHF
3-2IG

RHF
6-31G(d,p)

CASSCF
6-31G(d,p)

MP2
6-31G(d,p)

QCISD
6-31G(d,p)

MIN1 0 0 0 0 0 0
MIN2 7 3 0 )14 3 3
MIN3 48 47 49 61 59 54
MIN4 53 54 55 55 64 59
MIN5 173 135 156 160 178 168
TS12 141 108 105 85 95 94
TS13 119 (128)a 108 101 91 90 91
TS24 158 137 124 115 116 115
TS24¢ 265 233 219 194
TS25 239 (251)a 190 192 165 (MIN)
TS33 280 218 214
TS34 77 74 77 81 91 85
TS34i 130 115 122 122 131 127
TS45 193 159 172 169 183 172
TS55 174 (MIN5) 156 161 (MIN5) 169
SOSP1 97 78 86 88 97 92
SOSP2 178 162 151 153 150
SOSP3 201 175 169 157 159 157
SOSP4 209 163 181 180 191 182
SOSP5 210 182 182 195 183
SOSP6 266 235 231 209 217 205
SOSP7 226 209 207 207 (TS)
SOSP8 213 167 178 175
SOSP9 230 196 195 180
SOSP10 241 209 221 183
SOSP11 231 228
SOSP12 233
SOSP13 177
SOSP14 203
TOSP1 242 170 (SOSP) 188 (SOSP) 193 209 200
TOSP2 218 185 184 196 186
TOSP3 269 235 240 240 212
TOSP4 171 188 193
TOSP5 234 231
TOSP6 233
TOSP7 215

2Note that TS34 is a rotation of the OH group, and not the CH
group, since the oxygen inversion corresponds to SOSP1, while the
carbon inversion is a TS (TS34i)
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region of the IRC. The curvature k of an IRC can be
calculated from the gradient and Hessian as

k � �lÿ tty�Ht=jgj
where t is the normalized gradient vector [16]. Inspection
of the curvature along the IRC paths, however, did not

reveal an obvious correlation between the magnitude of
the curvature and which TSs can be located by uphill
walking from the minimum. There is a trend that IRCs
associated with TSs of type a have smaller curvature, but
this is not uniformly true.

TS34, which corresponds to a simple bond rotation, is
a good example of how subtle di�erences can determine
whether a reaction path belongs to type a or b. The path
connecting TS34 with MIN3 is of type a, and is in fact
the only case where the IRC closely follows the corre-
sponding GE. The path connecting TS34 with MIN4 is
in contrast of type b. The di�erence is due to a switching
of the two lowest Hessian modes for MIN3 and MIN4,
both of which have Cs symmetry. In MIN4 the lowest
mode is symmetric (a0), while the lowest mode in MIN3
is asymmetric (a00). Since TS34 has no symmetry, it is
clear that only from MIN3 can the TS be reached by
climbing the lowest mode. For MIN4 the second lowest
mode (of a00 symmetry) must be followed initially, but
since it must end up as the lowest mode at the TS, the
lowest and second lowest modes must cross at some
point (degenerate eigenvalues in the Hessian). In this
region an uphill walk becomes unguided [15]. An alter-
native way of viewing the situation is that the IRC al-
ways enters a minimum along the lowest Hessian mode
of the given symmetry [17]. Since TS34 has no symmetry,
the IRC will enter both MIN3 and MIN4 along the
lowest mode. For MIN4 this means that the IRC will
enter the minimum asymptotically along a symmetric
direction, as the lowest mode is symmetric, and it is
consequently not possible to reach the TS by uphill
walking.

The fact that the IRC always enters a minimum along
the lowest mode of a given symmetry means that for a
minimum belonging to an Abelian point group having R

Fig. 2. Relative energies of stationary points on the H2CO PES at
the HF/6-31G(d,p) level. Bold lines indicate TSs which can be
located by mode following from the corresponding minimum

Fig. 3a, b Illustration of: a an ``end of the valley'' type TS and b
``side-on'' type TS
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di�erent irreducible representations, there can at most
be R � 1 TSs of type a (Fig. 3). Furthermore, this can
only be the case if the lowest mode is totally symmetric,
in other cases there will at maximum be R ÿ 1. For a
non-symmetric C1 molecule there are thus at most two
TSs which can be reached by mode following, for point
groups C2;Cs and Ci there may be either three or one
TSs, depending on whether the lowest mode is totally
symmetric or not. It should be noted, however, mode
that which mode that has the lowest eigenvalue can be
changed for example by mass-weighting of the atoms.

4 Conclusions

By using GE following we have located all the important
stationary points on the H2CO PES at the HF level of
theory with the STO-3G, 3-21G and 6-31G(d,p) basis
sets. A substantial number of the second- and third-
order saddle points disappears when electron correlation
is introduced, indicating that the energy surface is
smoother when correlation is included. Analysis of the
intrinsic reaction paths for the ®rst-order saddle points
show that most of the TSs are located on the side of the
valley on the surface, and can therefore not be located by
uphill walking from the energy minimum.
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